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Chapter 1

Setup

1.1 The fields and the primes

Let p be a prime number and f a positive integer. Set ¢ = p/. Let L = Q(Cp(q—1)) be the
p(q — 1)-th cyclotomic field. Inside L, we consider the subfields K = Q((,_;) and F' = Q((,),
and we fix a primitive p-th root of unity ¢, € Op. We fix a maximal ideal P of O lying above p
and a maximal ideal B of O lying above P. Since the order of p modulo ¢ — 1 is f, the residue
field O /P has ¢ elements.

Remark 1. In the formalization, most results of Chapters 1 to 3 are proved for an arbitrary
integer n > 1 in place of ¢—1, with K = Q((,,), any number field L containing K and F, and the
hypothesis that P has Teichmiiller lifts of order n (1). Some of them then carry hypotheses such
asl<n,e(P|P)>2o0r(,—1¢ B2, which all hold in the setting above. The case n = ¢ — 1
is obtained with 2.

1.2 The Teichmiiller character

Definition 1. Let R be a commutative ring, I an ideal of R and n a positive integer. The ideal
I has Teichmiiller lifts of order n if the reduction map u,(R) — (R/I)* is bijective.

Lemma 2. The ideal P has Teichmdiller lifts of order ¢ — 1.

Proof. The ring Oy contains ¢ — 1 distinct (¢ — 1)-th roots of unity, and the integer ¢ — 1 is
not in P. Hence these roots stay distinct modulo P, so the reduction map is injective, and it is
bijective since (O /P)* has ¢ — 1 elements. O

Definition 3. Assume that P has Teichmiiller lifts of order ¢—1 (2). The Teichmiiller character
w: Ok/P — O is the multiplicative character whose restriction to (O /P)* is the inverse of

the reduction map p, 1 (Ok) = (O /P)*, extended by w(0) = 0.
Lemma 4. For all z € Oy /P, we have w(x) = x (mod P).
Proof. This is the definition for z # 0, and both sides vanish for z = 0. O

Lemma 5. The order of w as a multiplicative character is g — 1.



Proof. The values of w on units are (g — 1)-th roots of unity, so w? ! = 1. The value of w at
the reduction of a primitive (¢ — 1)-th root of unity is that root, so no smaller power of w is
trivial. O

Lemma 6. Leta € Z with (¢g—1) } a. The character w™*, viewed with values in O , is nontrivial.

In particular,
Z w(z)™*=0.
€Oy /P

Proof. The character w™® is nontrivial by 5, and stays nontrivial after composing with the in-
jection O — O;. The vanishing of the sum is then MulChar.sum_eq_zero_of_ne_one. O

Lemma 7. Let R be a ring containing Ok and let o be a ring endomorphism of R such that
o(Cp1) = (g for some m € N. Then o(w(x)?) = w(x)*™ for allz € Ok /P and a € Z.

Proof. For x # 0, the value w(x)® is a power (¥ |, so o(w(z)*) = (" = w(x)*™. Both sides

vanish for x = 0. O

1.3 The additive character
Definition 8. The additive character v : O /P — O is defined by

t.
W(z) = <pr(‘7K/P)/(Z/:DZ)(z>.

We also view it as a character with values in 0.
Lemma 9. The character v is nontrivial, i.e., ¥ #+ 1.

Proof. Since the extension O /P over Z/pZ is separable, the trace tr : O /P — Z/pZ is nonzero,
so there exists z with tr(x) # 0, hence ¥(z) = Q;,r<r) #+ 1. O

Lemma 10. The character v is primitive.

Proof. Since O /P is a field, any nontrivial additive character is primitive. The character ¢ is
nontrivial by 9. O

Lemma 11. For all x € Og /P, ¥(zP) = ¢(z).

Proof. The Frobenius map z + 2? is a (Z/pZ)-algebra automorphism of O /P, so it preserves
the trace. 0

Lemma 12. Let Q be an ideal of Oy with ¢, —1 € Q. Then
Y(x)=1+tr(z)-((,—1) (mod Q?)
forallx € Ok /P.

Proof. Write tr(x) = a with @ € N. By the binomial theorem, ¥(z) = (14+((,—1))* = 1+a((,—1)
(mod 9Q?). O

Lemma 13. Let Q be an ideal of O}, with (,—1 € Q. Then(x) =1 (mod Q) for allz € Ok /P.
Proof. This follows from 12, since tr(z) - (¢, — 1) € Q. O



1.4 Primes above p

Lemma 14. For every prime ideal Q of O}, above p, we have (, —1 € Q.
Proof. The ideal (¢, — 1) is the only prime of O above p, so it is QN Op. O
Lemma 15. Every prime ideal of O above p is unramified over Op.

Proof. Let Q be such a prime. By 105, e(Q | p) = p — 1, and this is also the ramification index
of p in F. By multiplicativity of ramification indices in the tower L/F/Q, the ramification index
of Q over O is 1. O



Chapter 2

The Gauss sum

Throughout this chapter and the next two, we assume that p is an odd prime.

2.1 Gauss and Jacobi sums

Definition 16. For a € Z, the Gauss sum is
Ja =9 W)= Y wl@) ™ () €0y
z€Oy /P

Definition 17. For a,b € Z, the Jacobi sum is
J(a,b) = J(w w?) = Z w(z)w(y)™ € Ok.
ary=1
Lemma 18. If (¢ —1) | k, then foralla € Z, g, 1, = gq-
Proof. Since w9 =1 by 5, we have w™* = 1, so w7k = e, 0O
Lemma 19. If (¢—1) | a, then g, = —1.

Proof. By 18, g, = go = g(1,v), which is —1 by 107 since v is nontrivial by 9.

O

Lemma 20. For alla € Z, g,, = g,-

Proof. Substitute x + 2P, a bijection of O /P, in the sum defining g,. We have w(aP)™* =
w(z)"P® and ¢Y(zP) = ¥(z) by 11. O

Lemma 21. If (¢—1) } (a +b), then
9a " 9b = Yasp ~ J(a,0).

Proof. The character w(**®) is nontrivial by 6, so this is jacobiSum_mul_nontrivial applied
to w™® and wl. 0O

Lemma 22. If (¢—1) } a, then
9a 9—a = w_a(_l) pf
Proof. The character w™ is nontrivial by 6 and 1 is primitive by 10. By gaussSum_mul_gaussSum_eq_card,

g(w™,9) - g(w, 1) = |Ox/P| = pf, and the change of variable x - —z gives g(w®, ') =
wa(_1> “9_q- O



2.2 Congruences

Lemma 23. If (¢—1) { a, then g, € (¢, —1)0.

Proof. By 13, ¢(x) = 1 modulo (¢, — 1), so g, = > w(x)~*, which is 0 by 6. O
Lemma 24. If (¢—1) } a, then g, €B.

Proof. Combine 23 and 14. O
Lemma 25. If (¢—1) } a, then g, is not a unit of Oy,.

Proof. The element ¢, — 1 is not a unit of O, so this follows from 23. O

Lemma 26. If (g—1) { a, then there exists k > 1 such that [Ny, q(g,)] =ph.

Proof. Taking norms in 22, the integer | Ny, q(g,)| divides a power of p, so it is a power p”. Since
g, is not a unit by 25, we have k > 1. O

Lemma 27. For all a € Z, we have g, # 0. If (¢—1) } (a+b), then J(a,b) # 0.

Proof. If (¢4—1) | a, then g, = —1 by 19. Otherwise its norm is nonzero by 26. The second claim
follows from the first and 21. O

Lemma 28. We have
91=—(¢—1) (mod P?).
Proof. The extension K /Q is unramified at p, so e(p | P) = p—1 > 2 by 105, hence P C B2
Since ¢, — 1 € B by 14, 12 gives
g1=Y w@) "+ (1)) wl@) ttr(z) (mod P2).

The first sum vanishes by 6 since ¢—1 > 2. For the second, we have w(z) = 2 (mod P) by 4 and
tr(x) = Z.<f 2P and Y co /P:v’lxpz is —1 for ¢ = 0 and O for 0 < ¢ < f. Hence the second
i FISIO%

sum is —1 modulo 2. O

2.3 (Galois action

Lemma 29. Restriction to K induces an isomorphism Gal(L/F) = Gal(K/Q) = (Z/(¢g—1)Z)*.
For o € Gal(L/F), we denote by n(c) € {0,...,q — 2} the representative of its image, so that

o(Cy1) = G-
Proof. Since ged(q — 1,p) = 1, the fields K and F are linearly disjoint over Q and L = KF. O

Lemma 30. For allo € Gal(L/F) and a € Z,
o(9,) = Ya-n(o)*
Proof. The automorphism o fixes (,,, hence the values of ¢, and o(w(z)™®) = wz)™ ™M@ by 7. O
Lemma 31. Let 7 € Gal(L/K) and e € (Z/pZ)* with 7((,) = (5. Then for all a € Z,
7(gq) = w(€)® - g

Proof. The automorphism 7 fixes the values of w and 7(¢(z)) = ¥(ex). The substitution y = ex
in the sum gives 7(g,) = Zyw(y/e)’%/)(y) =w(e)?qg,. O



Chapter 3

The valuation function s

3.1 General properties

Definition 32. For a € Z and a maximal ideal 9 of O, let sq(a) € N be the multiplicity of Q
in the ideal (g,). We write s(a) = sy (a) = vy(g,)-

Lemma 33. Ifa=b (mod g — 1), then s(a) = s(b).

Proof. Indeed g, = g, by 18. O
Lemma 34. If (¢—1) | a, then s(a) =0.

Proof. By 19, g, = —1 is a unit, so (g,) = Oy, O
Lemma 35. If (¢—1) { (a +b), then s(a) + s(b) = s(a +b) + vy(J(a,b)).

Proof. Take valuations in 21. All the elements involved are nonzero by 27, so the valuations are
finite. O

Lemma 36. For alla,b e Z, s(a+b) < s(a)+ s(b).

O

Proof. If (¢—1) | (a +b), then s(a+ b) = 0 by 34. Otherwise use 35.
Lemma 37. If (¢4 —1) } a, then s(a) + s(—a) = f-e(P | p).

Proof. Take valuations in 22: the factor w™*(—1) is a root of unity, hence a unit, and vy, (p?)

fre(Blp) -
Lemma 38. Assume (¢ —1) | k. Then

) —1
f-e(PB|p) otherwise.
Proof. We have s(k — a) = s(—a) by 33. Conclude with 34 and 37. O

Lemma 39. We have
—2

2 s(a)=1(qg—2)-f-e(B|p)

Q

Q
Il
=}



Proof. Pair the term a with g—1—a. By 38 with k = ¢—1, each of the g—2 values 1 < a < ¢—2
gives s(a) +s(g—1—a) = f-e(P | p), and s(0) = s(¢g — 1) = 0 by 34. O

Lemma 40. Let Q be a mazimal ideal of O not lying above p. Then sq(a) =0 for all a € Z.

Proof. If (¢ —1) | a, use 34. Otherwise, if g, € Q, then the norm of Q divides Ny, q(g,), which
is a power of p by 26, so 2 lies above p. O

Lemma 41. For all o € Gal(L/F) and a € Z, 5, (a) = sp(a-n(a)).

Proof. The multiplicity of o() in (g,) is the multiplicity of ¢ in (¢71(g,)), and o1(g,)
Yan(o-1) by 30.

ol

3.2 Upper bound by the sum of digits

Lemma 42. We have s(1) = 1.

Proof. By 24, g; € B, so s(1) > 1. By 28, g; = —(¢, — 1) (mod B?), and G—1¢ P2 by 106, so
s(1) < 1. O

Lemma 43. For all a € N, s(a) < a.
Proof. By induction on a, using s(0) =0 (34), s(a+1) < s(a)+s(1) (36) and s(1) =1 (42). O
Lemma 44. Let a € N and let a = ay + a;p + - + a,_1p*~ ! be its p-adic expansion. Then

s(a) <ag+ap 4+ +a, .

Proof. By induction on the list of digits. Write a = ay + pa’. Then s(a) < s(ay) + s(pa’)
ag + s(a’) by 36, 43, and g, = g, (20).

CTIA

3.3 The digit formula

Proposition 45. Let 0 <a<qg—2 andleta =ay+a;p+ - +af_1pf’1, 0<a; <p—1, be the
p-adic expansion of a. Then
s(a) =ag+a; +-+ap .

Proof. By 105, e('B | p) = p — 1, so 39 gives ZZ;?) s(a) = (¢g—2)f(p—1)/2. A direct count
shows that the sum of the digit sums of 0, ..., ¢ — 2 has the same value. Since each term satisfies
s(a) < ag+ - +ayp_; by 44, all these inequalities are equalities. O

Lemma 46. Letb>1,120and0§x<b171. Then

-1

(b—1) ) (xb° mod (bl — 1)) = (b! — 1) - S, (z),
=0
where Sy(x) is the sum of the base b digits of x.

Proof. Modulo b'—1, multiplication by b cyclically rotates the I base b digits of 2. Hence each digit
of & occurs exactly once in each position in the sum, which is therefore Sy (z)(14b+---+bl"1). O



Lemma 47. Let m,d be positive integers with ¢ —1 = md, and let a € N with da < q— 2. Then

~
—

m-s(da) = (p—1) ‘ (ap® mod m).

?

Il
(=}

Proof. Multiply both sides by d. Since d(ap® mod m) = dap® mod (g — 1), this follows from 45
and 46 applied to b =p, | = f and x = da. O



Chapter 4

Ideal factorization of (Gauss sums

4.1 Setup for Stickelberger’s theorem

Let m be a positive integer with p } m, and assume that f is the multiplicative order of p modulo
m. Then m | ¢ — 1, and we set d = (¢ — 1)/m. Let k = Q((,,,), a subfield of L, and let p be a
maximal ideal of O, lying above p. We assume that B lies above p.

Let G = Gal(k/Q) = (Z/mZ)*. For a € (Z/mZ)*, let o, € G denote the element with
0,(C,,) = C%. The Stickelberger element is

©=0k= > a-o,'ez[d],

a€(Z/m2z)*

where a is identified with its representative in {0,...,m — 1}. For an ideal a of O, we write
a® =] o (a)e
ae(Z/mz)* ~a :

Remark 2. With the notation of Washington, © = mf where 6 = Z<a m):l{a/m}U;1 € Q[G].

4.2 Descent of g}’ to k

Lemma 48. For any 7 € Gal(L/K), we have 7(¢]') = gJ.
Proof. By 31, 7(g4) = w(e)?g, for some e, and w(e)?™ = w(e)9™t =1 by 5. O
Lemma 49. Let E = Q((,,,) € L. For any 7 € Gal(L/E), we have 7(g,) = g4

Proof. The automorphism 7 fixes F' and (,,,, so n(7) =1 (mod m), hence dn(r) =d (mod g—1).
Conclude with 30 and 18. O

Lemma 50. There exists I' € O, with g* =1T'.

Proof. By 48 and 49, the element g7* lies in K N E = Q((,

gcd(q—1,mp)) = k, and it is integral. [

4.3 Factorization in L

Lemma 51. For all a € Z, we have the equality of ideals of O,

(92) = [T 2=

Qlp



where the product runs over the primes of O, above p.

Proof. The ideal (g,) is nonzero by 27, and no prime outside p divides it by 40. O

4.4 Primes of k above p

Lemma 52. The stabilizer of p in G is the subgroup <ap>, which has order f.
Proof. The stabilizer of p is its decomposition group, which acts on the residue field through

powers of the Frobenius, and o, induces the Frobenius. The two groups have order f. O

Definition 53. For each prime q of ) above p, choose a, € (Z/mZ)* with a;ql (p) = q. The
map ‘

{alp} x{0,....f =1} = (Z/mZ)*, (9,7) b agp’
is a bijection, and the image a of (q,j) satisfies o, (p) = q.

Proof. The group G acts transitively on the primes above p, so a, exists. The bijectivity and
the last claim follow from 52. O

Lemma 54. Let q be a prime of O above p and a € (Z/mZ)* with o, (p) = q. Then the
sum of the (representatives of the) images of (q,7), 0 < j < f, under the bijection of 53 is

fol(apj mod m). In particular, vq(pe) = fol

0 0 (ap’ mod m).

Proof. The images of the (q, ) are the ap’ up to a cyclic shift of j modulo f. The second claim
follows since the exponents of q in p© are the b with o3 (p) = q. O

4.5 Valuations and the factorization

Lemma 55. Let q be a prime of O, above p and Q a prime of O, above q. Thene(Q | q) =p—1.
Proof. We have e(9 | p) = p— 1 by 105, and &/Q is unramified at p since p } m. O

Lemma 56. Let q be a prime of O, above p and Q a prime of O, above q. Then

f—1
m-sq(d)=(p—1)) b,
j=0

where b; € {0,...,m — 1} represents the image of (q,j) under the bijection of 53.

Proof. The group Gal(L/F') acts transitively on the primes of O above p, since F has a single
prime above p. Choose 7 € Gal(L/F) with 7() = Q and let a € (Z/mZ)* be the image of
n(r!) (29). The restriction of 7 to k is ', so o, ' (p) = q. By 41 and 33, sq(d) = sy (da), and
we conclude with 47 and 54. O

Lemma 57. LetT' € O, with g7 =T (50). Then
() = p®
as ideals of 0.

Proof. Since O is faithfully flat over O,, it suffices to compare the extensions of both sides to
Op. By 51, the ideal (IO, = (g,)™ is Hg‘p Qmsald) Regrouping the factors of p© with 53 and

using e(Q | q) = p — 1 (55), the extension of p® is I1,, g, QP V25%  with the notation of
56. The exponents agree by 56. O

10



4.6 Stickelberger’s theorem

Lemma 58. In the setting of this chapter, the ideal p© of O,, is principal.

Proof. Choose a maximal ideal 8 of O; above p and let P = PN . The ideal P has Teichmiiller
lifts of order ¢ — 1 by 2. Take I as in 50; then p® = (I") by 57. O

Theorem 59. Let k be a number field isomorphic to Q((,,), let p be an odd prime with p  m
and let p be a mazimal ideal of O, above p. Then the ideal p®© is principal.

Proof. Let f be the order of p modulo m and ¢ = pf. The field L = Q(Cp(g—1)) contains a subfield
ko = Q((,,), and an isomorphism k, = k commutes with the action of the o,. Apply 58 to the
preimage of p in 0, and transport the result to k. O

Lemma 60. Let R be a Dedekind domain and J a nonzero ideal of R. FEvery ideal class of R
contains an integral ideal coprime to J.

Proof. Let I be an integral ideal in the inverse class. By the Chinese remainder theorem, there
is z € I such that (z)I;! is coprime to J, and this ideal lies in the given class. O

Corollary 61. Let k be a number field isomorphic to Q((,,). The Stickelberger element ©
annihilates the ideal class group Cl(k): for every ideal class c,

c® = H o, (e)* = 1.

a€(Z/mZ)*

Proof. By 60, choose an integral ideal b € ¢ coprime to 2m. Every prime factor of b lies above an

odd prime not dividing m, so 59 applied to each prime factor shows that b® is principal. Hence
O _ (O] —
c® =" =1 O

Remark 3. Mathematically, coprimality of the representative to m alone suffices for Stickel-
berger’s theorem. We additionally require the norm to be odd (i.e. coprimality to 2m) only
because the formalized form of 59 is proved for primes of odd residue characteristic.

11



Chapter 5

The Kronecker-Weber theorem

Throughout this chapter, all number fields are subfields of a fixed field A of characteristic 0, and
for every n > 1 we fix a primitive n-th root of unity ¢,, € A. Thus Q((,,) is a well-defined subfield
of A, and Q((,)Q((,/) = Q(Cem(n,n/))- The compositum of two subfields K, K’ of A is written
KK'.

Definition 62. Let p be a prime. A number field K is unramified outside p if every prime
number ¢ # p is unramified in K.

Lemma 63. If K and F are number fields unramified outside p, then so is KF.

Proof. A prime ¢ that is unramified in K and in F' is unramified in K'F (Mathlib PR #36843). O

5.1 Reduction to the cyclic case

Theorem 64. Let K be a number field such that K /Q is abelian. Then there exists n such that
K embeds into the cyclotomic field Q((,).

Proof. Take for A an algebraic closure of K, and choose a primitive n-th root of unity in A for
every n > 1. The image of K in A is an abelian extension of Q, so by 66 it lies in Q(¢,,) for some
n > 1. The field Q(¢,,) is isomorphic to the abstract cyclotomic field of level n. O

Lemma 65. Every finite abelian extension K /F is the compositum of finitely many subextensions
C;/F, each of which is cyclic of prime power degree.

Proof. The group Gal(K/F) is a finite abelian group, hence a direct product of cyclic groups of
prime power order. FEach factor corresponds to a cyclic subextension of prime power degree, and
K is their compositum. O

Lemma 66. Let K C A be a number field with K/Q abelian. Then K C Q(¢,,) for some n > 1.

Proof. By 65, the field K is the compositum of finitely many cyclic subextensions C; of prime
power degree. By 67, each C; lies in some Q((n) By induction on the number of factors, K lies
in Q(¢,,) with n the least common multiple of the n;. O

Lemma 67. Let p be a prime and K C A a cyclic extension of Q of degree p™. Then K C Q((,)
for somen > 1.

12



Proof. By 79, there are a cyclic extension F/Q of degree p*, unramified outside p, and an integer
n > 1 with KQ(¢,,) = FQ(¢,). The field F lies in some Q(¢.): take ¢ = 1 if k = 0, use 104 if
p =2, and 97 if p is odd and k > 0. Then

5.2 Removing the ramification away from p

5.2.1 Tame ramification

In this subsection, G is a finite group acting on a Dedekind domain S by ring automorphisms,
R = S% is the ring of invariants, and Q is a nonzero maximal ideal of S with finite residue field
S/Q. Let p=Q N R and Np = #(R/p). The decomposition group D(Q) is the stabilizer of @
in G, and the inertia group I(Q) C D(Q) is the subgroup of elements acting trivially on S/Q.
We say that Q is tame if #1(Q) is not zero in S/Q. Every element of D(Q) preserves @ and Q?,
hence acts on the cotangent space Q/Q?, which is a one-dimensional S/Q-vector space.

Definition 68. An element 7 € I(Q) acts trivially on S/Q, so it acts on Q/Q? by an S/Q-linear
automorphism. The tame character is the determinant of this action,

0:1(Q) — (S/Q),  0(r) =det (7| Q/Q?).
It is a group homomorphism because the determinant is multiplicative.

Lemma 69. For € I(Q) and v € Q/Q?, one has Tv = 0(7)v.

Proof. A linear endomorphism of a one-dimensional vector space is multiplication by its deter-
minant. O

Lemma 70 (Rigidity). Assume that G acts faithfully on S. Let 7 € I(Q) be such that the order
m of T is not zero in S/Q and O(T) =1. Then 7 = 1.

Proof. Since §(7) = 1 and Q/Q? is one-dimensional, 7 acts trivially on Q/Q?, that is, Tz—x € Q?
for all x € @. From the identity

T(wy) —ay = (T —2) Ty + 2 (TY — V)

and induction on n, one gets Tz —x € Q"' for every x € Q™.

We now show by induction on n that 6 = 7z — z lies in Q" for every = € S. Assume that
§ € Q™. By the previous step, 76 = § (mod Q™*!) for all k. The sum 22:01 7k§ telescopes to
Mz —2 = 0,50 mé € Q"L. Asm is a unit modulo Q, it is a unit modulo Q™*!, hence § € Q"*1.

By Krull’s intersection theorem, (| Q" = 0, so 7z = x for every x € S. The action being
faithful, 7 = 1. O

Lemma 71. Assume that G acts faithfully on S and that Q is tame. Then 0 is injective, and
the inertia group 1(Q) is cyclic.

Proof. The order of every 7 € I(Q) divides #I(Q), so it is not zero in S/Q. Hence 6 is injective
by 70. Thus I(Q) embeds into the multiplicative group of the finite field S/Q, and a finite
subgroup of the multiplicative group of a field is cyclic. O

13



Lemma 72. Let ¢ € D(Q) be an arithmetic Frobenius, that is, o(z) = x¥? (mod Q) for all
x€S. Then O(oro™") = O(T)NP for all T € I(Q).

Proof. The inertia group is normal in D(Q), so oro~t € I(Q). The action of o on Q/Q? is
semilinear: o(cv) = o(c)o(v) for ¢ € S/Q. Using 69, for every v € Q/Q?,

oro v =0c(0(r) o) = a((7)) v =0(T)NP .
O

Lemma 73. Assume moreover that G is abelian and acts faithfully on S, and that Q is tame.
Then #1(Q) divides Np — 1.

Proof. Let 7 generate the cyclic group I(Q) (71) and let ¢ be an arithmetic Frobenius at @,
which exists since R = S¢. As G is abelian, 70~ = 7, so 72 gives 0(7)VP~! = 1. Since 0 is
injective, 7P~ = 1 and the order #I1(Q) of 7 divides Np — 1. O

When S = 0, for a Galois extension of number fields L/K and G = Gal(L/K), the order of
I(Q) is the ramification index e(Q | p). In particular, if @ lies above the prime number ¢ and
q t #G, then @ is tame (Ideal.card_inertia_notMem_of_not_dvd).

5.2.2 Abhyankar’s lemma and the inertia field

Lemma 74. Let H,, H, be subgroups of a finite cyclic group C with H; N Hy = 1. Then #C
divides lem([C : H,],[C : Hy)).

Proof. The map C — C/H, x C'/H, is injective, and the exponent of the target divides the least
common multiple of the two orders. A cyclic group has order equal to its exponent. O

Lemma 75 (Tame Abhyankar). Let K/Q be a finite Galois extension, E, F two Galois subex-
tensions with EF = K, and B a prime of K above a prime number p with p t [K : Q]. Then

e(P|p) | lem(e(PNE | p), e(BNF |p)).

Proof. Let G = Gal(K/Q) and I = I(B) C G. As p } #G, the prime ‘P is tame, so I is cyclic by
71, of order e(*P | p). Write Hy = Gal(K/E) and Hp = Gal(K/F). The group I N Hy, is the
inertia group of P in K/E, so the multiplicativity of ramification indices in Q C E C K gives
[I:INHgl=e(PNE|p),and likewise for F. Since EF = K, we have Hy N Hp = 1, and 74
applies to I N Hp and I N Hp. O

Lemma 76 (Tame inertia complement). Let L/Q be a finite abelian extension, and let K, E C L
be subfields with KE = L, [K : Q] = p™ and E = Q((,), where q # p are primes and q { [L : Q].
Let Q be a prime of L above q. Then the inertia group I = I(Q) C Gal(L/Q) is a complement
of Gal(L/E): one has I NGal(L/E) =1 and #I - #Gal(L/E) = [L: Q].

Proof. We first show that e(Q | ) = ¢ — 1. By 75, e(9Q | ¢) divides the least common multiple
of e(QNK | q) and e(QNE | q) = q— 1. The extension K/Q is abelian and ¢ } p™, so 73 gives
that e(Q N K | g) divides ¢ — 1. Hence e(9 | q) divides ¢ — 1. Conversely ¢q—1=e(QNE | q)
divides e(Q | q).

It follows that e(Q | Q N E) = 1. This ramification index is the order of I N Gal(L/E), the
inertia group of Q in L/E, so I N Gal(L/FE) = 1. Finally #I - #Gal(L/E) = (¢—1)[L : E] =
[E:Q|L: E]=[L:Q. O
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Lemma 77 (Inertia field from a complement). Let L/K be a finite Galois extension with group
G, let E be an intermediate field, and let I be a normal subgroup of G that is a complement of
Gal(L/E). Then the fived field F = L' satisfies FE = L, and G/I =~ Gal(L/E).

Proof. By the Galois correspondence, F'E is the fixed field of I N Gal(L/FE) = 1, that is, L. The
isomorphism G/I = Gal(L/E) is induced by the inclusion of Gal(L/FE) in G. O

Lemma 78. Let K C A be a cyclic extension of Q of degree p™, and let q # p be a prime that
ramifies in K. Then there is a cyclic extension F C A of Q of p-power degree such that

e the prime q is unramified in F;
e every prime that is unramified in K is unramified in F';

o one has KQ((,) = FQ((,).

Proof. Put E = Q((,) and L = KE. The extension L/Q is abelian, and [L : Q] divides [K : Q][E :
Q=p™(g—1),s0q}[L:Q]. Fix a prime 9 of L above ¢, with inertia group I C Gal(L/Q). By
76, the group I is a complement of Gal(L/FE). Let F = L! be the inertia field of Q. By 77, we
get FE =L =KF and

Gal(F/Q) = Gal(L/Q)/I = Gal(L/E).

Restriction to K is injective on Gal(L/E), since KE = L. Hence Gal(F'/Q) is isomorphic to a
subgroup of the cyclic group Gal(K/Q), so it is cyclic of order dividing p™.

The prime ¢ is unramified in the inertia field F' (Mathlib PR #36733). Let ¢’ be a prime
unramified in K. Then ¢’ # ¢, so ¢’ is also unramified in ' = Q((,), hence in the compositum
L = KFE (Mathlib PR #36843), and finally in the subfield F of L. O

Lemma 79. Let K C A be a cyclic extension of Q of degree p™. Then there exist a cyclic
extension F' C A of Q of p-power degree, unramified outside p, and an integer n > 1 such that

KR(¢,) = FQ(C,)-

Proof. Let S be the finite set of prime divisors of the discriminant of K. Every prime ¢ # p
outside S is unramified in K. We prove the statement by induction on .S, for all cyclic extensions
K of p-power degree in which every prime g # p outside S is unramified.

If S is empty, take FF = K and n = 1. Otherwise write S = {r} U S’. If r = p, or
if 7 is unramified in K, the induction hypothesis applies to K and S’. Otherwise 78 gives a
cyclic extension E of p-power degree, unramified at r and at every prime unramified in K,
with KQ(¢,) = EQ(¢,). The induction hypothesis applied to E and S’ gives F and n with

EQ(¢,) = FQ(¢,). Then
KQGimn) = KQUG)R(G,) = BRGIA(G,) = FAGIRG) = FQGan(o.r)

5.3 Comparing cyclic extensions
Lemma 80. Let K, K’ C A be number fields such that KK'/Q is Galois with cyclic Galois
group. If [K : Q] divides [K’ : Q], then K C K.

Proof. Let G = Gal(KK’/Q). By the Galois correspondence, it suffices to show that Gal(KK’'/K") C
Gal(KK’/K). In the cyclic group G, a subgroup is contained in another if and only if its or-
der divides the order of the other. The orders are [KK’ : K'] = [KK’ : Q/[K’ : Q] and
[KK’': K] =[KK’:Q]/[K : Q], and the first divides the second since [K : Q] divides [K’ : Q]. O
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Lemma 81. Let C C A be an abelian extension of Q, unramified outside p, and let H be a
subgroup of Gal(C'/Q) of index p™ with cyclic quotient. Then the fived field CH is a cyclic
extension of Q of degree p™, unramified outside p.

Proof. By the Galois correspondence, [C* : Q] = [Gal(C/Q) : H] = p™ and Gal(CH/Q) =
Gal(C/Q)/H, which is cyclic. A subfield of C' is unramified outside p because C is. O

Lemma 82. Let K,K’ C A be abelian extensions of Q of the same degree p™, both unramified
outside p. Assume that any two cyclic subextensions of KK’ of degree p over Q and unramified
outside p are equal. Then K = K’.

Proof. The group Gal(KK’/Q) is an abelian p-group, since [K K’ : Q] divides p?™. If it were not
cyclic, it would have two distinct subgroups of index p. Their fixed fields would be two distinct
cyclic subfields of KK’ of degree p, unramified outside p by 63, a contradiction. So KK'/Q is
cyclic, and 80 gives K C K’. The degrees being equal, K = K’. O

5.4 The odd case

5.4.1 The Kummer extension
In this subsection, p is an odd prime and F' is a number field with F' = (Q(Cp).

Lemma 83. Let L/F be a finite extension such that L/Q is Galois and [L : Q] = p(p—1). Then
L/F is Galois, cyclic of degree p.

Proof. Since [F : Q] = p — 1, the tower formula gives [L : F] = p. The extension L/F is Galois
as L/Q is, and a group of prime order is cyclic. O

Lemma 84. Let L/F be a cyclic extension of degree p. Then there is a nonzero u € Op such
that L is the splitting field of XP — . over F'.

Proof. The field F contains the p-th roots of unity, so by Kummer theory L = F(«) with
aP =z € F. Choose a nonzero integer d with do € Op. Then p = dPz lies in O, the element
da is a root of XP — u, and L = F(da) is the splitting field of XP — . Finally p # 0, since
otherwise L = F. O

For the rest of this subsection, L/F is a cyclic extension of degree p with L/Q abelian, and
@ € Op is nonzero, with X? — u irreducible over F' and L the splitting field of X? — u. For
a € (Z/pZ)*, we write o, for the element of Gal(F/Q) with o,(¢) = ¢* for every p-th root of
unity ¢, and we identify a with its representative in {1,...,p —1}.

Lemma 85. There is a nonzero o € O with af = p.
Proof. Take a root o € L of XP — p. It is integral since o? = p is, and nonzero since L # F. [
Lemma 86. For every a € (Z/pZ)*, there is a nonzero § € F with o, () = &P p°.

Proof. Let a € L be a root of XP — p, let 7 generate Gal(L/F) and write 7(a) = (a, with ¢
a primitive p-th root of unity. Extend o, to ¢ € Gal(L/Q). As ¢(a)? = o,(p) € F, Kummer
theory gives (o) = ca’ with ¢ € F and 0 < j < p. Since L/Q is abelian, 67 = 75. Applying
both sides to a gives (“ca? = c¢(?al, so j = a. Therefore o,(u) = ()P = cPus. O

Lemma 87. Let q be a prime of Op such thatp { v,(u). Then every o € Gal(F/Q) with a(q) = q
is the identity.

16



Proof. Write o = o, and r = v,(u). By 86, o(n) = £Pu®. Choose a nonzero integer d such that
B = d¢ lies in Op; then o(dPu) = fPup®. Since o(q) = q, the valuations at q of o(x) and z agree,
SO

pvq(d) +7=pv,(B) +ar.

Reducing modulo p gives r = ar (mod p). As p } r, this forces a = 1 (mod p), that is, c = 1. O
Lemma 88. Assume that L is unramified outside p. Then p | v,(p) for every prime q of Op.

Proof. Let q be the prime number below g.

Assume first that ¢ = p. The prime p is totally ramified in F', so the stabilizer of ¢ in
Gal(F/Q) has order e(q | p)f(q | p) =p—1> 1, as p is odd. It contains some o # 1, and 87
gives p | v ().

Assume now that ¢ # p, and let 9 be a prime of L above q. The prime ¢ is unramified in L
and in F, so e(Q]q) =1. Let o € O, with o? = p (85). Then

vg(p) = e(Q ] q) vg(p) = va(p) = vq(a?) = pvg(a).

O
Lemma 89. Assume that L is unramified outside p. Then (u) = aP for some nonzero ideal a of
Op.
Proof. By 88, write v, (u) = pn, for every prime g, and take a = Hq qrta. O

5.4.2 The class group argument
We keep the setting of the previous subsection.
Lemma 90. Let a be a nonzero ideal of Op with a? = (). Then a is principal.
Proof. Let ¢ be the class of a in CI(F'). Since a? = () is principal, ¢? = 1.
Let a € (Z/pZ)*. By 86, o,(u) = £Pu® with £ € F*. Hence, as fractional ideals,
0,(a)7 = a4((1) = ()" (W = () a")",

and since the group of fractional ideals is torsion-free, o, (a) = (§)a®. Thus o,(c) = ¢*.
By 61, applied to F' =~ (Q(C]D)7

= I eter= [ er=e
a€(Z/pZ)* a€(Z/pZ)*

where 0,1 = 0,1 and ¢ '@ = ¢ because ¢? = 1. Together with ¢? = 1, this gives ¢ = 1. O

Lemma 91. Let a be a nonzero principal ideal of Op with a? = (u). Then p = oPn for some
nonzero « € Op and some unit n € OF.

Proof. Write a = («). Then (o) = (p), so p = aPn with 1 a unit, and « # 0 since p # 0. O
Lemma 92. Let o € Op and n € OF with u = aPn. Then no_,(n) is a p-th power in F.

Proof. By 86 with a = p — 1, there is £ € F* with o_;(u) = &PuP~! = (£u)Pu~t. Substituting
p=aP,
o_y(a)Po_q(n) = (Eu)Pa Py,

whence no_y(n) = (§u/ (e 071(a>))p- [
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Lemma 93. Let o € Op and n € O% with u= aPn. Then n* = (8P for some p-th root of unity
¢ and some nonzero § € F.

Proof. The field F' is a CM field, and the automorphism o_; is its complex conjugation. Every
unit of a CM field has a square of the form (ye,, with (, a root of unity and ¢, a real unit
(NumberField.IsCMField.exists_torsion_realunits_pow_two_eq mul). Squaring, 774 = (e
with ¢ = (2 and e = 2. The roots of unity of F form a group of order 2p, so (P = Cgp =1.

The automorphism o_; fixes ¢ and inverts ¢, so o_; (n)* = (~'e. Multiplying, €2 = (no_,(n))*.
By 92, no_,(n) = wP, so &2 = (w*)P. As ged(2,p) = 1, it follows that e = 67 for some nonzero
o€ F. O

Lemma 94. Let a be a nonzero ideal of Op with a? = (u). Then L is the cyclotomic field of
level p?, that is, L = Q(§) for a primitive p?-th root of unity £ € L.

Proof. By 90 and 91, u = aPn with a # 0 and n a unit, and by 93, n* = (§P. As ged(4,p) = 1,
the polynomial X? — pu? is irreducible over F and L is its splitting field. Since u* = ((a*9)?, the
field L is also the splitting field of X? — (. In particular ¢ # 1, since otherwise L = F, so ( is
a primitive p-th root of unity. A root & € L of X? — ( is then a primitive p?-th root of unity.
Finally Q(¢) C L and both fields have degree p(p — 1) over Q, so L = Q(&). O

5.4.3 Cyclic extensions of odd prime power degree

Proposition 95. Letp be an odd prime and K C A a cyclic extension of Q of degree p, unramified
outside p. Then K C Q((pz2).

Proof. Put F = Q(<§2)’ so that F' = Q((,), and M = KF. The field F' is unramified outside p,
hence so is M by 63, and M /Q is abelian. Since [K : Q] = p and [F : Q] = p — 1 are coprime,
KNF =Qand [M: Q] =p(p—1). By 83, the extension M /F is cyclic of degree p, and by 84, M
is the splitting field of XP — p for some nonzero p € Op. The polynomial XP — p is irreducible:
otherwise pu would be a p-th power in F', and X? — y would split over F, giving M = F.

By 89, (1) = a? with a # 0. By 94, the field M is the cyclotomic field of level p?, so
M = Q((,2). Hence K C M = Q((p2)- O

Corollary 96. Let p be an odd prime. Any two cyclic extensions Ky, Ky C A of Q of degree p,
unramified outside p, are equal.

Proof. By 95, both fields lie in Q((,2), which has degree p(p —1). So [K; K, : K;] <p—1. As
K,/Q is Galois, [K; K, : K;] divides [K, : Q] = p, hence [K; K, : K;] =1 and K, C K;. The
degrees being equal, K; = K,. O

Proposition 97. Let p be an odd prime, m > 1, and K C A an abelian extension of Q of degree
p™, unramified outside p. Then K C Q((ym1).

Proof. Put C = Q((m+1). It is unramified outside p, and since p is odd, Gal(C/Q) = (Z/p™+'Z)*
is cyclic of order p™(p — 1). Let o be a generator and H = (¢P™), a subgroup of index p™ with

cyclic quotient. By 81, the field K’ = CH is a cyclic extension of Q of degree p™, unramified
outside p. By 96, the hypothesis of 82 holds, so K = K’ C C. O
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5.5 The case p =2

The argument follows Lemmermeyer (Prop. 1.5) and does not need the Kummer theory of the
odd case.

Lemma 98. A quadratic field unramified outside 2 has discriminant —8, —4 or 8.

Proof. Let d be the discriminant. A prime number divides d if and only if it ramifies, so 2 is
the only possible prime divisor of d. The discriminant of a quadratic field is a fundamental
discriminant (Mathlib PR #43490), so d =0 or 1 (mod 4).

If d =1 (mod 4), then d is odd. By Minkowski’s bound |d| > 2, so d has a prime divisor,
which is odd: a contradiction. Hence d = 4m. Since 4m is a fundamental discriminant, the
integer m is squarefree and m # 1 (mod 4). As the only prime dividing m is 2, this leaves
m € {—1,2,—2}, that is, d € {—4,8,—8}. O

Proposition 99. Any two totally real quadratic fields Ky, Ky C A unramified outside 2 are
equal.

Proof. By 98, each discriminant is —8, —4 or 8. The discriminant of a totally real quadratic field
is positive (Mathlib PR #43493), so both discriminants equal 8. Two quadratic fields with the
same discriminant are isomorphic (Mathlib PR #43490), and a quadratic field is normal over Q,
so K; = K, as subfields of A. O

Lemma 100. Let L C A be a CM field with complex conjugation ¢ € Gal(L/Q). Then its
maximal real subfield Lt is the fized field of (c).

Proof. An element of L lies in L™ if and only if it is fixed by ¢. Since ¢ has order 2, being fixed
by c¢ is the same as being fixed by {(c). O

Lemma 101. Under the isomorphism Gal(Q((,)/Q) = (Z/nZ)*, complex conjugation corre-
sponds to —1.

Proof. Complex conjugation sends every root of unity to its inverse, so it sends ¢, to ¢, =
o 0

Lemma 102. For every n > 0, the quotient (Z/2""2Z)* /(—1) is cyclic.

Proof. The subgroups generated by 5 and by —1 are complementary in (Z/2"*27)*, so the
quotient is isomorphic to the cyclic group generated by 5. O

Proposition 103. Let K C A be a totally real cyclic extension of Q of degree 2™, unramified
outside 2. Then K C Q(Cym+2).

Proof. Put C' = Q({ym+2), a CM field unramified outside 2, and let ¢ be its complex conjugation.
The subgroup {(c) has order 2, hence index 2™ in Gal(C/Q). By 101, the quotient Gal(C'/Q)/{c)
is isomorphic to (Z/2™m*27)* /(—1), which is cyclic by 102. By 81 and 100, the maximal real
subfield K’ = C™ is a cyclic extension of Q of degree 2™, unramified outside 2, and it is totally
real.

The compositum KK’ is totally real, so every subfield of KK’ is totally real. By 99, any two
quadratic subfields of KK’ unramified outside 2 are equal. Hence 82 gives K = K’ C C. O

Proposition 104. Let K C A be a cyclic extension of Q of degree 2™, unramified outside 2.
Then K C Q(Cyme2).
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Proof. It K is totally real, this is 103. Otherwise let L = KQ(¢), with ¢ = {,. Tt is a totally
complex abelian extension of Q, unramified outside 2 by 63, of degree 2! with | < m + 1; it is
a CM field. Let M = L* be its maximal real subfield, of degree 2¥ with k < I. As L is totally
complex, M # L, so k < m. The field M is abelian and unramified outside 2.

The field M is cyclic over Q. Indeed, Gal(M/Q) = Gal(L/Q)/{c), where ¢ is the complex
conjugation of L. The restriction map Gal(L/Q) — Gal(K/Q) x Gal(Q(i)/Q) is injective, so
Gal(M/Q) embeds into the quotient of Gal(K/Q) x Gal(Q(¢)/Q) by the image of (c¢). The
restriction of ¢ to Q(7) generates Gal(Q(¢)/Q), so this quotient is generated by the image of the
cyclic group Gal(K/Q) x 1. Hence it is cyclic, and so is Gal(M/Q).

By 103, M C Q({r+2). Since [L: M] =2 and i ¢ M, we get L = MQ(4). Therefore

K CL=MQ(i) C Q(Cr2)RQ(¢4) € Q(Cam2)-
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Chapter 6

Auxiliary results

Lemma 105. The ramification index of P above p is p—1, i.e.,

e(Plp)=p—1

Proof. This follows from the general formula for the ramification index in cyclotomic extensions.
O

Lemma 106. We have ¢, — 1 ¢ P

Proof. By 105, e(B | p) = p— 1. Since (, is a primitive p-th root of unity, ({, —1) generates the
unique prime above p in Q((,), which has ramification index p — 1. Hence vy (¢, — 1) = 1, so

G—1¢ DLL O
Lemma 107. For any additive character i of Oy /P,

—1 otherwise,

where ¥ = 1 denotes the trivial character (identically equal to 1).

Proof. O
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